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ABSTRACT 

The main emphasis of t h i s  t u t o r i a l  paper  i s  on the f o r m u l a t i o n  o f  

a p p r o p r i a t e  state-space models  f o r  Kalman f i l t e r i n g  

a p p l i c a t i o n s .  The s o - c a l l e d  "model" i s  complete ly  s p e c i f i e d  by 

f o u r  m a t r i x  pa ramete r s  and t h e  i n i t i a l  c o n d i t i o n s  of t h e  

r e c u r s i v e  e q u a t i o n s .  Once t h e s e  a r e  de te rmined ,  t h e  d i e  i s  c a s t ,  

and t h e  way i n  which t h e  measurements a r e  weighted i s  de te rmined  

f o r e v e r a f t e r .  Thus, f i n d i n g  a model t h a t  f i t s  t h e  p h y s i c a l  

s i t u a t i o n  a t  hand i s  a l l  i m p o r t a n t .  Also ,  i t  i s  o f t e n  t he  most 

d i f f i c u l t  aspect  of d e s i g n i n g  a  Kalman f i l t e r .  Formula t ion  of 

d i s c r e t e  s t a t e  models from t h e  s p e c t r a l  d e n s i t y  and ARM4 random 

p r o c e s s  d e s c r i p t i o n s  i s  d i s c u s s e d .  F i n a l l y ,  i t  i s  pointed o u t  

t h a t  many common processes encoun te red  in a p p l i e d  work (such as  

band- l imi ted  w h i t e  n o i s e )  s imply do  not  l end  themselves  v e r y  w e l l  

t o  Kalman f i l t e r  modeling.  

INTRODUCTION 

Kalman f i l t e r i n g  i s  now w e l l  known, and t u t o r i a l  d i s c u s s i o n s  of the  tech- 

n ique  a r e  g i v e n  i n  a  number of s t a n d a r d  r e f e r e n c e s  [ 1 , 2 , 3 ] .  The f i l t e r  

r e c u r s i v e  e q u a t i o n s  a r e  summarized i n  F i g u r e  1 f o r  r e f e r e n c e  purposes  he re .  

It shou ld  be noted t h a t  once t h e  i n i t i a l  c o n d f r i o n s  and t h e  + k *  %* %* Qk> 
paramete r s  are  s p e c i f i e d ,  t h e  d i e  i s  c a s t  and  t h e  way i n  which t h e  

measurement sequence i s  p roceased  is complete ly  determined.  Thus, t h e  

s p e c i f i c a t i o n  of t h e s e  pa ramete r s  i s  e s p e c i a l l y  impor tan t  -- t h e y  are, i n  

e f f e c t ,  the f i l t e r  "model", The emphasis i n  t h i s  t u t o r i a l  paper w i l l  be on 

t h e  modeling aspect of Kalman f i l t e r i n g .  To see where t h e s e  pa ramete r s  come 

from, w e  wlll now review t h e  bas ic  p r o c e s s  and measurement e q u a t i o n s .  
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1 ENTER I N I T I A L  

x;, AND P i  
r 

COMPUTE GAIN  

F i g u r e  1 Kalman f i l t e r  loop 

r 

THE DISCRETE PROCESS AND MEASUREMENT EQUATIONS 

PROJECT AIIEAD 
'ro NEXT STEP 

x i + l  = +kik 
T 

P i + l  = Q k P k Q k  + Qk 

The s t a r t i n g  point fo r  d i s c r e t e  Kalman f i l t e r  theory  begins w i t h  t h e  p.rocess 

and measurement equations. The random process under c o n s i d e r a t i o n  i s  

assumed t o  satisfy the  f o l l o w i n g  recursive e q u a t i o n  

UPDATE ESTIMATE 

Xk = X i  + K k ( z k  - H k X i )  

where k r e f e r s  t o  t h e  k-th s t e p  i n  time, xk is a vector  random process ,  

$k i s  t h e  transition m a t r i x ,  and wk i s  a Gaussian whi te  sequence wi th  a 

covariance s t r u c t u r e  given by 

UPDATE ERROR COVARIANCE 

P, = ( I  - KkHk) P i  

The measurement r e l a t i o n s h i p  i s  assumed t o  be of t h e  form 

where vk is also a Gaussian white sequence, uncorrelated with w and k ' 
described by the  covariance 

In words, then, the key paramete rs  of a Kalman f i l t e r  model can be d e s c r i b e d  

as fo l lows :  



(1) i s  t h e  t r a n s i t i o n  ma t r i x  t h a t  descr ibes  the n a t u r a l  dynamics  of  

t h e  p r o c e s s  i n  go ing  f rom sLep  k to k-i-1. 

( 2 )  Hk is  t h e  l i n e a r  c o t l n e c t l o n  rnat r ix  tha t  g ives  t he  i d e a l  

( n o i s e l e s s )  r e l a t i o n s h i p  hctween t h e  measurement  zk a n d  the 

process t o  be e s t i m a t e d  xk. 

( 3 )  Qk d e s c r i b e s  the a d d i t i o n a l  n o i s e  t h a t  comes i n t o  t h e  xk p r o c e s s  

i n  t h e  A t  i n t e r v a l  hetween .;tc?p Ic and  k + l .  

( 4 )  Rk d e s c r i b e s  nddi t t v e  nt:asilrem~?nt 11oLse. 

It i s  i m p o r t a n t  t o  n o t e  t h a t  t h e  d i s c r e t e  inodel d e s c r i b e d  by Eqs .  ( 1 )  

t h r o u g h  ( 4 )  s t a n d s  i n  i t s  own r i g h t .  I t  i s  n o t  a n  a p p r o x i m a t f a n  of some 

c o n t i n u o u s  sys tem,  no r  d o e s  i t  have t o  be  r e l a t e d  t o  a n o t h e r  c o n t l n u o u s  

l i n e a r  dynarn ica l  s y s t e m  kn  any way. Once t h e  d i s c r e t e  model i s  assumed,  t h e  

r e c u r s i v e  e s t i m a t i o n  p r o c e s s  g i v e n  i n  F ig .  1 follows directly. 

IMPORTANCE OF THE GAUSSIAN ASSUMPTION 

We w i l l  d i g r e s s  f o r  a moment and  look a t  t h e  G a u s s i a n  a s s u m p t i o n  used  i n  

E q s .  (1) t h r o u g h  ( 4 ) .  I f  wk and  \tk are  Gauss ian w h i t e  s e q u e n c e s ,  t l ler~ xk 

a n d  zk will he G a u s s i a n  p r o c e s s e s .  Even though t h e  G a u s s i a n  a s s u m p t i o n  4s 

o f t e n  o m i t t e d  111 d i s c u s s i o n s  of l e a s t - s q u a r e s  f i l t e r i n g ,  w e  make h e r e  w i t h  

no apology.  The reason f o r  t h i s  i s  t h a t  minimizing t h e  mean s q u a r e  e r r o r  

rea l ly  does  n o t  make v e r y  good s e n s e  f o r  non-Gausslan p r o c c s s e s .  To 

i l l u s t r a t e  t h i s ,  c o n s i d e r  the two  p r o c e s s e s  shown i n  F i g .  2. Tke f i r s t  i s  a 

scalar Gauss-Markov p r o c e s s  which h a s  t h e  g e n e r a l  appearance u f  t y p i c a l  

n o i s e .  The second  p r o c e s s  i s  the  random t e l e g r a p h  w a v e  wh ich  s w i t c h e s  

be tween +1 and -1 at: random p o i n t s  I n  t ime.  I f  t h e  p a r a m e t e r s  of t h e  t w o  

processes a r e  a d j u s t e d  a p p r o p r i a t e l y ,  t h e y  can h e  made t o  have i d e n t i c a l  

power s p e c t r a l  d e n s i t y  f u n c t i o n s .  Ye t ,  t h e y  are  r a d i c a l l y  d i f f e r e n t  

p r o c e s s e s !  The l e a s t - s q u a r e s  p r e d i c t i o n  f a r  o u t  i n t o  t h e  f u t u r e  i s  z e r o  Ear 

bo th  cases. This  makes good s e n s e  i n  t h e  Gauss-Markov case because z e r o  1s 

t h e  mean and most l i k e l y  va lue .  On t h e  o t h e r  hand ,  i t  i s  r i d i c u l o u s  t o  

p r e d i c t  z e r o  i n  t h e  random t e l e g r a p h  wave c a s e .  W e  know a p r i o r L  t h a t  t h i s  

waveform i s  n e v e r  ze ro .  W e  would he b e t t e r  o f f  t o  p r e d i c t  e i t h e r  +1 o r  -1 

and be correct h a l f  t h e  time t h a n  t r >  p r e d i c t  z e r o  a n d  be wrong a l l  the  t i m e !  

Thus,  the G a u s s i a ~ l  a s s u m p t i o n  i s  a redsonab le  one i n  t h e  l e a s t  s q u a r e s  

e s t i m t i o n  theory ,  and t o  s t r a y  from it  l e a d s  11s i n t o  d a n g e r o u s  t e r r i t o r y .  



I SPECTRUM 

GAUSS-MARKOV SIGNAL 

RANDOM TELEGRAPH WAVE 

SPECTRUM A 

F i g u r e  2 Gauss-Markov and random t e l e g r a p h  waves 

TRANSITION FROM A SPECTRAL DESCRIPTION TO A DISCKETE STATE MODEL 

I n  Kalman f i l t e r  a p p l i c a t i o n s ,  we f r e q u e n t l y  begin  wi th  a s p e c t r a l  d e s c r i p -  

t i o n  of t h e  v a r i o u s  random p r o c e s s e s  involved.  The problem t h e n  i s  t o  

c o n v e r t  this i n f o r m a t i o n  t o  a model of t h e  form s p e c i f i e d  by E q s .  (1)  

through (4 ) .  T h e  general procedure  f o r  making t h e  t r a n s i t i o n  t o  t h e  

d i s c r e t e  model i s  a s  fo l lows :  

(1) Look f o r  a con t inuous  dynamical  system t h a t  y i e l d s  t h e  d e s i r e d  

p rocess  when d r i v e n  by white noise .  ( T h e  whi te  n o i s e  i n p u t  

a s s u r e s  t h a t  wk w i l l  be a whi te  sequence. )  

( 2 )  Then write t h e  dynamical  e q u a t i o n s  i n  s t a t e - s p a c e  form: 

( 3 )  Solve  t h e  s t a t e  e q u a t i o n s  f o r  s t e p  s i z e  A t  and o b t a i n  

X - + w  k-tl - 4kXk k 

( 4 )  Determine the measurement e q u a t i o n  from t h e  p a r t i c u l a r  s i t u a t i o n  

a t  hand. 

To i l l u s t r a t e  t h e  procedure  f u r t h e r ,  suppose t h e  y p rocess  power s p e c t r a l  

d e n s i t y  func t ion  S ( s )  c a n  be w r i t t e n  as  a r a t i o  of polynomials i n  s2 ( o r  
2 2 Y 

The s p e c t r a l  f u n c t i o n  can then always be f a c t o r e d  i n t o  w , where w = -s ). 

two symmetric p a r t s ,  one w i t h  i t s  p o l e s  and z e r o s  i n  t h e  l e f t - h a l f  s p l a n e ,  

t h e  o t h e r  with mirror-image p o l e s  and z e r o s  i n  the  right-half plane.  This  

i s  c a l l e d  s p e c t r a l  f a c t o r i z a t i o n  and i s  r e p r e s e n t e d  mathemat ica l ly  as 



4- 
where S and S- a r e  t h e  l c f t -  a n d  r i g h t - h a l f  p lane p a r t s  r e s p e c t i v e l y .  

4- Y Y 
S ( s )  t h e n  becomes the  shaping f i l t e r  tha t  w i l l  shape u n l t y  whi te  n o i s e  i n t o  
Y 

a process y ( t )  w i t h  a s p e c t r a l  f u n c t i o n  S (s) .  (See  Ref. [ l ]  f o r  f u r t h e r  
Y 

d e t a i l s .  ) 

Now suppose  t h a t  t h e  shaping f i l t e r  i s  of the  f o r m  shown i n  F ig .  3. We seek 

a s t a t e - s p a c e  model f o r  t h a t  dynamical  system. One way of achieving t h i s  i s  

m m- 1 
bms + b m - p  t *-• b 

> 0 
w(t> n n- 1 

( U n i t y  White Noise) s + an-ls + *-• a o 

F i g u r e  3 Shaping  f i l t e r  

shown i n  block diagram form in Fig .  4 .  The s t a t e - s p a c e  equa t i ons  are  then 

Def ine  s t a t e  v a r i a b l e s  as 
** 

r, t ,  r , * * *  where r i s  a n  
i n t e r m e d i a t e  v a r i a b l e .  

F i g u r e  4 Shap ing  f i l t e r  redrawn 



C o n t r o l  system e n g i n e e r s  refer t o  t h t s  as t h e  c o n t r o l l a b l e  canonical  form, 

and i t  can always be achieved f o r  the  dynamical system as shown in F-lg. 3.  

I€ y i s  t h e  p r o c e s s  t h a t  i s  a c t u a l l y  measured, t h e n  the H m a t r l x  is  j u s t  t h e  

row matrix of b ' s  given i n  Eq. ( 9 ) .  

EXAMPLE 

Suppose we have a scalar Gauss-Markov process ~ ( t )  whose power s p e c t r a l  

d e n s i t y  f u n c t i o n  i s  

We f i r s t  f a c t o r  S as follows: Y 

The shap ing  f i l t e r  i s  t h e n  d20281(s+B) which cor responds  t o  the  dynamical  

e q u a t i o n  

T h i s  i s  a s i m p l e  f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t i o n ,  so we on ly  have one 

s t a t e  v a r i a b l e .  Call It xl. Our s t a t e  e q u a t i o n  Is t h e n  

The s o l u t l o n  of t h i s  e q u a t i o n  f o r  a  s t e p  s i z e  A t  i s  

a n d  e c a n  be s e e n  t o  be t h e  t r a n s i t i o n  matrix 4 The mean square v a l u e  k ' 
of wk can  be determined from random process t h e o r y  111, and i t  works o u t  t o  

be 



The p r o c e s s  inodel i s  now comple te .  

We tnight pose a q u e s t i o n  a t  t h i s  p o i n t :  

Are Kalman f i l t e r  models u n i q u e ?  

The answer i s  a n  e m p h a t i c  NO. We know froin l i n e a r  s y s t e m  theory  that: any  

n o n s i n g u l a r  l i n e a r  t r a n s f o r m a t i o n  o n  t h e  s t a t e  v e c t o r  l e a d s  t o  a n o t h e r  

e q u a l l y  l e g i t  h a t e  s t a t e  v e c t o r .  The c h o i c e  of  c o o r d i n a t e  f rame f o r  

p e r f o r m i n g  t h e  estimation p r o c e s s  i s  p u r e l y  a m a t t e r  of  conven ience .  

Op t ima l  estimates c a n  be t r a n s f o r m e d  f r e e l y  from one c o o r d i n a t e  frame t o  

a n o t h e r  ( t h r o u g h  a l i n e a r  t r a n s f o r m a t i o n )  and s t i l l  r ema in  o p t i m a l  e s t i m a t e s  

i n  t h e  new frame o f  r e f e r e n c e .  

ARMA MODEL 

Sometimes t h e  r.*r~dom p r o c e s s  ~nudeL cornes t o  US i n  the form of a  d i f f e r e n c e  

e q u a t i o n  r a t h e r  than a c o n t i n u o u s  d i f f e r e n t i a l  e q u a t i o n .  For example ,  

c o n s i d e r  t h e  a u t o - r e g r e s s i v e  moving average (AKMA) model t h a t  r e l a t e s  a  

d i s c r e t e  process y(k)  t o  a n  i n p u t  w h i t e  s equence  u ( k ) .  

T h e r e  i s  a close a n a l o g y  between d i f f e r e n c e  and d i f f e r e n t i a l  e q u a t i o n s ,  and 

It works o u t  t h a t  t h i s  n t h - o r d e r  d i f f e r e n c e  e q u a t i o n  can h e  c o n v e r t e d  t o  

v e c t o r  form i n  much t he  same m a n n e r  ~ 3 s  f o r  a d i f f e r e n t i a l  e q u a t i o n .  I f  we  

define a n  i n t e r m e d i a t e  v a r i a b l e  y ' (k)  as the s o l u t i o n  t n  Eq. (16 )  with j u s t  

u(k) as  t h e  d r i v i n g  E u n c t i o n ,  and t h e n  d e f i n e  o u r  s t a t e  v a r i a b l e s  as 

xl(k) = y O ( k ) ,  x2(lc) = y O ( k + l ) ,  e t c .  ( 1 7 )  

t hen  t h e  system of Eq ,  ( 1 6 )  t r a n s l a t e s  i n t o  s t a t e - s p a c e  form as 



PJote t h a t  our  cho ice  of s t a t e  v a r i a b l e s  leads t o  t h e  c o n t r o l l a b l e  c a n o n i c a l  

form, j u s t  as i n  t h e  con t inuous  dynamical  case .  Of  course ,  we could have 

d e f i n e d  our  s t a t e  v a r i a b l e s  d i f f e r e n t l y  and a r r i v e d  a t  a form d i f f e r e n t  from 

E q s .  (18) and (19) .  We w i l l  not  pursue t h i s  f u r t h e r  o t h e r  t h a n  t o  say  t h e  

c h o i c e  of s t a t e  v a r i a b l e s  is  ( w i t h i n  l i m i t s )  a matter of convenience f o r  the 

s i t u a t i o n  a t  hand. 

PROCESSES DERIVED FROM IKKATIONAL SHAPING FILTEKS 

The random process modeling p rocedures  d i s c u s s e d  t h u s  f a r  have been 

s t r a i g h t f o r w a r d .  They may be  t e d i o u s  f o r  h igher -o rder  p r o c e s s e s ,  bu t  they 

do n o t  c a l l  f o r  much imagina t ion .  There e x i s t s ,  however, a whole class of 

p r o c e s s e s  where t h i s  i s  n o t  t he  case. These a r e  t h e  p r o c e s s e s  t h a t  cannot 

be thought of a s  t h e  result of p a s s i n g  v e c t o r  whi te  n o i s e  through a  L inear  

dynarnical system of f i n i t e  order.  Such p rocesses  are commonplace i n  

engineer i -ng l i t e r a t u r e .  For example, band l imi ted  Gaussian whi te  no i se  i s  a 

very  u s e f u l  a b s t r a c t i o n  i n  communication theory.  It i s  Gaussian n o i s e  t h a t  

has a f l a t  spectrum i n  t h e  baseband and t h e n  i s  ze ro  o u t  beyond the  c u t o f f  

f requency.  It can be thought  of a s  the r e s u l t  of p a s s i n g  pure  w h i t e  no ise  

through an i d e a l i z e d  lowpass f i l t e r ,  but no such f i l t e r  can be r e p r e s e n t e d  

a s  a r a t i o  of polynomials  i n  s of f i n i t e  o rder .  (Note t h a t  a B u t t e r w o r t h  

f i l t e r  can he  made t o  approximate  t h e  i d e a l  c a s e ,  hu t  not  equal it.:) The 



i d e a l i z a t i o n s  of  b a n d l i m i t e d  w h i t e  n o i s e  a t e  o f t e n  a convenience  i n  communi- 

cation theory; however, they a r e  a n  o b s t r u c t i o n  I n  Kalman f i l t e r  theory. 

There  i s  a theorem from l i n e a r  sys tems t h e o r y  Chat Is u s e f u l  a t  t h i s  p o i n t ,  

Chen [ 4 ]  g l v e s  u s  t h e  f o l l o w i n g  c r i t e r i o n  f o r  Lhe r e a l i z a t i o n  of l i n e a r  

dynamical  models. 

A linear dynarnical model of t h e  Eorrn 

w i l l  e x i s t  f o r  a sys t em w i t h  an  inpu t -ou tpu t  impuls ive  response  G ( t , r ) ,  

i f  and on ly  i f ,  G(t;t) i s  f a c t o r a b l e  i n  tlze form 

G ( t , r )  = ? ~ ( t ) ~ ( , r )  ( 2 1 )  

M and N a r e  f i n i t e - o r d e r  m a t r i c e s ,  s o  i f  G ( t , r )  i s  sca la r  e . ,  s i n g l e -  

i n p u t ,  single-output), M(t) i s  n row v e c t o r  and N( t )  i s  a column v e c t o r .  

Th is  theorem can then be used as a test  t o  s e e  i f  a dynamical  sys tem wtll 

e x i s t  f o r  a cor respond ing  Fmpulstve r e s p o n s e  f u n c ~ i o n .  Furt l lernlurc,  the  

f a c t o r i z a r i o n  p r o v i d e s  the  necessa ry  1.nfortnation f o r  realization of t h e  

model. (See Chen [ 4 ]  f o r  f u r t h e r  d e t a i l s . )  We w i l l  u s e  f l i c k e r  n o i s e  t o  

illustrate the use  of Chen's  theorem. F l i c k e r  n o i s e  i s  of s p e c i a l  i n t e r e s t  

t o  t he  PTTL community because  of i t s  p resence  i n  precisLon f requency  

s t a n d a r d s .  It i s  c h a r a c t e r i z e d  by a power spectral d e n s i t y  f u n c t i o n  of t h e  
3 form of 1 / E  at t h e  f requency  l e v e l ,  o r  l / f -  when r e f e r r e d  t o  the phase level 

[ 5 , 6 ] .  A block diagram showtng t h e  r e l a t i o n s h i p  between f l i c k e r  n o i s e  and  

whi te  no ise  is g i v e n  in Fig. 5. 

White 
Noise > phase ( t i m e )  
w ( t >  F requeircy 

F i g u r e  5 Block diagrams r e l a t i n g  f l i c k e r  n o i s e  t o  whi te  n o i s e  

I C l e a r l y ,  the transfer f u n c t i o n  r e l a t i n g  i n p u t  w h i t e  n o i s e  t o  t h e  o u t p u t  

phase  n ( t )  i s  l / s3l2.  The i n v e r s e  t r a n s f o r m  U P  l / s3 l2  g i v e s  t h e  i m p u l s i v e  

response t o  an impulse  a p p l i e d  a t  t = O .  T h i s  i s  2&lhA. Thus, f o r  a n  

impulse  a p p l i e d  a t  t= r ,  w e  have (in Chen's n o t a t i o n )  
I 



The q u e s t i o n  i s ,  "Is G ( ~ , T )  f a c t o r a b l e  i n  t h e  form M ( ~ ) N ( T ) ? "  It a p p e a r s  

t h a t  i t  i s  n o t ,  a l t h o u g h  t h i s  is  d i f f i c u l t  t o  show i n  a r i g o r o u s  sense. 

T h i s  being t h e  c a s e ,  Chen's theorem says that  no l i n e a r  dynamical sys tem 

w i l l .  e x i s t  t h a t  cor responds  t o  t h e  G ( ~ , T )  of Kq. ( 2 2 ) .  This  i s  t o  s a y  t h a t  

no f i n i t e - o r d e r  s t a t e  model w i l l  e x a c t l y  r e p r e s e n t  f l i c k e r  n o i s e !  Of 

c o u r s e ,  t h e  s t a t e  model i s  e s s e n t i a l  f o r  Kalman f i l t e r i n g ,  s o  t h i s  l e a d s  t o  

a dtleaa when one a t t e m p t s  t o  i n c l u d e  f l i c k e r  n o i s e  i n  a Kalman f i l t e r  c lock  

model. Th i s  Is t h e  s u h j e c t  of a companion paper i n  t h e s e  Proceedings [ 6 ] ,  

s o  w e  w i l l  not  pursue thFs f u r t h e r  here .  

SUMMARY 

Various  a s p e c t s  of Kalman f i l t e r i n g  modeling have been d i s c u s s e d  briefly i n  

t h i s  paper.  Perhaps  the most impor tan t  t h i n g  t o  remember i s  t h a t  t h e  random 

p r o c e s s e s  under c o n s i d e r a t i o n  must be modeled i n  v e c t o r  s t a t e - s p a c e  form. 

Th is  can o f t e n  be done w i th  e x a c t  methods. I f  t h e  e x a c t  methods d i s c u s s e d  

h e r e  cannot  be used, as i n  the  c a s e  of f l i c k e r  no ise ,  then one imst seek 

approxtmate  f i n i t e - o r d e r  v e c t o r  models i n  o r d e r  t o  form a workable Kalman 

f i l t e r .  The measurement model u s u a l l y  does no t  cause  d i f f i c u l t y ,  because  i t  

s imply depends on what s t a t e  v a r i a b l e s  a r e  being observed.  
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QUESTIONS AND ANSWERS 

VICTOR R E I N H A R D T ,  I - IUGHES A I R C R A F T  COMPANY: I t h i n k  you a r e  r i g h t  
a b o u t  t h a t  n o t  b e i n g  a b l e  t o  b e  f a c t o r e d ,  a n d  I t h i n k  t h a t  I h a v e  
a r e a s o n  f o r  t h a t .  You c a n  s h o w  t h a t  f l i c k e r  n o i s e  c a n  b e  
m a t h e m a t i c a l l y  g e n e r a t e d  b y  t h e  s u m  o f  a n  i n f i n i t e  n u m b e r  o f  
g a u s s i a n  p r o c e s s e s  w h e r e  t h e  b e t a  t e r m  g o e s  f r o m  z e r o  t o  
i n f i n i t y .  T h e r e f o r e ,  t h e r e  a r e  i n f i n i t e  t i m e  c o n s t a n t s  i n  t h e  
p r o c e s s .  S o ,  y o u  c a n ' t  g i v e  3 s t a t e  v e c t o r  a t  a n y  o n e  t i m e ,  
b e c a u s e  t h e  b e t a  term g o e s  f rom z e r o  t o  i n f i n i t y .  

M R .  BROWN: I a g r e e  w i t h  w h a t  you  s a y .  I t h i n k  t h a t  i t  f i t s  my 
i n t u i t i o n  t o  t h i n k  t h e  s a m e  t h i n g ,  a n d  I h a v e  r e a d  t h a t  p a p e r  
t h a t  y o u  w r o t e  o n  i t .  I t h i n k  t h a t  i t ' s  a  v e r y  n i c e  p a p e r ,  a n d  a  
n i c e  w a y  t o  l o o k  a t  i t .  

O t h e r  p e o p l e  h a v e  a l s o  a p p r o x i m a t e d  f l i c k e r  n o i s e  w i t h  a 
c a s c a d e d  s e q u e n c e  o f  w h a t  we, i n  c o n t r o l  s y s t e m  e n g i n e e r i n g ,  c a l l  
l e a d  o r  l a g  n e t w o r k s ,  w h i c h  g i v e s  k i n d  o f  a s t a i r c a s e  s o r t  o f  
f r e q u e n c y  r e s p o n s e  f u n c t i o n ,  w h i c h ,  t o  a c e r t a i n  d e g r e e  o f  
a p p r o x i m a t i o n ,  d r o p s  o f f  a t  t e n  dH p e r  d e c a d e  r a t h e r  k h a n  t w e n t y  

1 dB. 
I f  y o u  t a k e  a n y  r a t i o n a l  t r a n s f ' e r  f ' u n c t i o n ,  o r  o n e  t h a t  i s  

w r i t t e n  o u t  i n  i n t e g e r  p o w e r s ,  a n d  l o o k  a t  t h e  B o d e  p l o t ,  t h e  
s l o p e s  g o  i n  m u l t i p l e s  o f  t w e n t y  d B  p e r  d e c a d e ,  T h e r e  a r e  n o  

i t h i r t y  dB p e r  d e c a d e ,  o r  f i f t y  dB p e r  d e c a d e  s l o p e s .  
i I n  t h e  c a s e  o f  f l i c k e r  n o i s e ,  a n d  c o n s i d e r  t h e  f i l t e r  t h a t  

s h a p e s  w h i t e  n o i s e  i n t o  f l i c k e r  n o i s e ,  i t  r e q u i r e s  a n  s t o  t h e  
n e g a t i v e  o n e - h a l f '  p o w e r  i n  t h e  t r a n s f e r  f u n c t i o n .  T h a t  w o u l d  g i v e  
a B o d e  p l o t  t h a t  d r o p s  o f f  a t  t e n  dB p e r  d e c a d e  i n s t e a d  o f  
t w e n t y .  W h a t  y o u  would d o  i s  a p p r o x i m a t e  t h a t  t e n  d B  p e r  d e c a d e  
s l o p e  w i t h  a w h o l e  s e q u e n c e  of '  f i l t e r s  w i t h  a l t e r n a t i n g  z e r o s  and  
p o l e s .  You t h e n  e n d  up  w i t h  a  s t a i r c a s e  s h a p e  r e s p o n s e  w h i c h ,  o n  
t h e  a v e r a g e ,  h a s  a  t e n  dB p e r  d e c a d e  s l o p e .  

I n c i d e n t a l l y ,  I t h i n k  t h a t  t h i s  i s  a v e r y  g o o d  way t o  m o d e l  
f l i c k e r  n o i s e .  T h e  d i f f i c u l t y  i s  t h a t  e v e r y  t i m e  y o u  p u t  a n e w  
p o l e  i n  t h e  s y s t e m  y o u  h a v e  a  new s t a t e  m o d e l .  I f  y o u  w a n t  g e t  a 
r e a s o n a b l y  a c c u r a t e  a p p r o x i m a t i o n  o f  f l i c k e r  n o i s e  t h a t  way ,  i t  
d o e s  i n v o l v e  e s c a l a t i n g  t h e  o r d e r  o f  t h e  K a l m a n  f i l t e r  
c o n s i d e r a b l y .  T h e r e  i s  n o t h i n g  wrong  w i t h  d o i n g  i t  o f f - l i n e  f o r  
a n a l y s i s  p u r p o s e s .  I t h i n k  t h a t  t h e r e  a r e  s o r n e  o n - l i n e  c a s e s  
w h e r e  i t  w o u l d  n o t  b e  a c c e p t e d .  

M R .  R E I N H A R D T :  I t h i n k  t h a t  s o m e  p e o p l e  h a v e  r e p o r t e d  o n  a 
s i m i l a r  m e t h o d  w h e r e  t h e y  u s e d  a f i n i t e  n u m b e r  o f  f i l t e r s  and  i t  
w o r k e d  v e r y  w e l l  i n  a n  o p e r a t i o n a l  c a s e .  I f  y o u  t r y  t o  l i m i t  t h a t  
p r o c e s s  t h o u g h ,  w h a t  h a p p e n s  i s  t h a t  a l l  t h e  p o l e s  r u n  t o g e t h e r ,  
a n d  you  e n d  u p  w i t h  a  b r a n c h  l i n e .  

M R .  B R O W N :  I g u e s s  my a n s w e r  t o  t h a t  w o u l d  b e  t h a t ,  i n  a n y  o f  
t h e s e  p r o c e s s e s ,  i n  t h e  c a s e  o f  f l i c k e r  n o i s e  f o r  e x a m p l e ,  a t  
z e r o  f r e q u e n c y  and  o u t  a t  i n f i n i t y ,  t h e r e  a r e  s i n g u l a r  c o n d i t i o n s  
f o r  e i t h e r  c a s e .  I f  i t  d r o p s  o f f  a s  o n e  o v e r  f ,  t h e  a r e a  u n d e r  
t h e  c u r v e  o u t  a t  i n f i n i t y  i s  n o t  f i n i t e .  You a r e  t a l k i n g  a b o u t  a  
p r o c e s s  w i t h  i n f i n i t e  v a r i a n c e ,  w h i c h  i s  p h y s i c a l l y  r i d i c u l o u s .  

T h e  s a m e  t h i n g  h a p p e n s  a t  t h e  o t h e r  e n d  o f  t h e  s p e c t r u m ,  t h e  



a r e a  u n d e r  t h e  c u r v e  d o e s n ' t  c o n v e r g e  t h e r e ,  e i t h e r .  P h y s i c a l l y  
i t  m a k e s  s e n s e ,  i f  y o u  w a n t  t o  b e  c a r e f u l  a n d  t a l k  a b o u t  
p r o c e s s e s  o f  f i n i t e  v a r i a n c e ,  t h a t  y o u  h a v e  t o  b o u n d  t h e  p o w e r  
s p e c t r a l  d e n s i t y  a t  t h e  l o w  f r e q u e n c y  e n d  a n d  a t  t h e  h i g h  
f r e q u e n c y  e n d .  I t  h a s  t o  r o l l  o f f  a t  l e a s t  t w e n t y  d B  p e r  d e c a d e  
i n  o r d e r  t o  h a v e  a p r o c e s s  o f  f i n i t e  v a r i a n c e .  

I t  d o e s n ' t  b o t h e r  m e  t o  t h i n k  o f  p u t t i n g  i n  a f i l t e r  a t  t h e  
o r i g i n  w h i c h  w i l l  b o u n d  t h e  f r e q u e n c y  c o n t e n t  a t  z e r o  f r e q u e n c y ,  
a n d  a l s o  p u t  o n e  i n  a t  t h e  h i g h  e n d  a n d  m a k e  i t  r o l l  o f f  a t  l e a s t  
t w e n t y  d B  p e r  d e c a d e .  

I n c i d e n t a l l y ,  t h a t  i m p u l s e  r e s p o n s e  f u n c t i o n  i s  n o t  o r i g i n a l  
w i t h  m e .  O t h e r  p e o p l e  h a v e  w r i t t e n  a b o u t  t h a t  b e f o r e ,  i n c l u d i n g  
y o u r s e l f ,  I t h i n k .  

JIM B A R N E S ,  A U S T R O N ,  I N C . :  I h a v e  d o n e  a f a i r  a m o u n t  o f  
s i m u l a t i o n  o f  f l i c k e r  n o i s e  w i t h  p o l y n o m i a l s ,  t h e  l e a d - l a g  
n e t w o r k s  y o u  m e n t i o n e d ,  a n d  h a v e  o n e  c o m r n e n t  i n  t h e i r  d e f e n s e :  
T h r e e  o r  f o u r  s t a g e s  c a n  d o  a n  a m a z i n g  a m o u n t .  You  c a n  c o v e r  a s  
m u c h  a s  t h r e e  t o  f o u r  d e c a d e s  o f  f r e q u e n c y  w i t h  o n l y  t h r e e  o r  
f o u r  s t a g e s .  

MR. BROWN: O h ,  i s  t h a t  r i g h t ?  I t  i s n ' t  a s  b a d  a s  i t  m i g h t  a p p e a r  
a t  f i r s t  g l a n c e  t h e n .  I h a v e n ' t  u s e d  i t ,  b u t  w o u l d  h a v e  i m a g i n e d  
t h a t  y o u  w o u l d  n e e d  a f a i r l y  l a r g e  n u m b e r .  

M R .  REINHARDT:  A s  a n o t h e r  c o m m e n t ,  e v e n  a s i n g l e  f i l t e r ,  w h i c h  
g e n e r a t e s  a  r a n d o m  t e l e g r a p h ,  w i l l  g e n e r a t e  a  f l a t  A l l a n  v a r i a n c e  
o f  a b o u t  t w o  o r d e r s  o f  m a g n i t u d e  i n  t a u ,  r i g h t  a r o u n d  t h e  p e a k .  
T h e n  y o u  r e a l l y  h a v e  t o  p u t  a p o l e  e v e r y  o r d e r  o f  m a g n i t u d e  o r  
e v e n  e v e r y  t w o  o r d e r s  o f  m a g n i t u d e .  

M R .  BROWN: All o f  t h e s e  a r e ,  o f  c o u r s e ,  a p p r o x i m a t e  m o d e l s  f o r  
t h e  r e a s o n s  w h i c h  I j u s t  c i t e d .  

M R .  ALLAN: I t h i n k ,  i n  p r a c t i c e ,  t h e  p r o b l e m  w i t h  f l i c k e r  n o i s e  
i s  n o t  a s e r i o u s  o n e ,  b e c a u s e  i t ' s  o n l y  a t  t h e  e x t r e m e s ,  a s  y o u  
p o i n t e d  o u t ,  a t  z e r o  a n d  a t  i n f i n i t y  t h a t  y o u  h a v e  d i f f i c u l t i e s  
w i t h  o n e  o v e r  f i n t e g r a t i o n .  I n  p r a c t i c e ,  t h a t ' s  n o t  w h e r e  t h e  
F o u r i e r  f r e q u e n c i e s  a r e .  I n  r e a l i t y ,  a  few s t a g e s  o f  t h e  f i l t e r  
w i l l  w o r k  v e r y  n i c e l y  i n  d e s c r i b i n g ,  p r e d i c t i n g  o r  s i m u l a t i n g  a 
f l i c k e r  p r o c e s s .  

M R .  BROWN: Y o u  n e e d  s o m e t h i n g  l i k e  t h a t  t h o u g h  a s  f a r  a s  t h e  
K a l m a n  f i l t e r  i s  c o n c e r n e d .  You c a n ' t  a f f o r d  t o  h a v e  t h e s e  
f r a c t i o n a l  p o w e r s  o f  s i s  y o u  a r e  g o i n g  t o  d o  t h e  s t a t e  m o d e l .  
You  h a v e  t o  h a v e  s o m e t h i n g  w h e r e  y o u  o n l y  n e e d  t o  w o r r y  a b o u t  
i n t e g e r  p o w e r s  o f  s ,  a n d  i f  y o u  c a n  d o  t h a t  b y  o n l y  a d d i n g  t w o  o r  
t h r e e  p o l e s ,  t h a t  w o u l d  be a  v e r y  f e a s i b l e  w a y  t o  a p p r o x i m a t e  i t  
c e r t a i n l y .  




